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We study the quantum entanglement of the quasiparticle pairs emitted by analogue black holes.
We use a phenomenological description of the spectra in dispersive media to study the domains in
parameter space where the final state is non-separable. In stationary flows, three modes are involved
in each sector of fixed frequency, and not two as in homogeneous situations. The third spectator
mode acts as an environment for the pairs, and the strength of the coupling significantly reduces the
quantum coherence. The non-separability of the pairs emitted by white holes are also considered,
and compared with that of black holes.
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I. INTRODUCTION
One of the main challenges of the analogue gravity
program is to conceive and realize experiments where a
clear signal of the analogue Hawking effect would be de-
tected [1, 2]. When addressing this question, one should
clearly distinguish the induced effect, which purely rests
on the dynamics of classical fields, i.e., the scatter-
ing of incident waves [3–5], from the spontaneous effect
which arises from the amplification of vacuum fluctua-
tions [6, 7]. However, because the same mode ampli-
fication is involved, both channels lead to very similar
behaviors. Indeed, the space-time properties of the cor-
relation patterns of the emitted quasi-particles are very
much the same whether or not the spontaneous channel
significantly contributed [8–10]. Therefore, if one wishes
to experimentally distinguish the spontaneous from the
induced, one must use observables that are sensitive to
the small differences between the quantum and the clas-
sical.
The same question arises in a simpler context, namely
pair creation caused by a temporal change in an homoge-
neous medium [11–15]. Because of the homogeneity, the
state of linear perturbations splits into two-mode sectors
characterized by opposite wave vectors k. Therefore, the
entanglement between k and −k can be analyzed sep-
arately. To distinguish quantum states from classical
distributions, it suffices to compare the strength of the
correlations between ±k, which is given by the norm of
ck = Tr[ρˆ aˆ−kaˆk], with the mean occupation numbers
nk = Tr[ρˆ aˆ
†
kaˆk], where aˆ
†
k (aˆk) corresponds to the cre-
ation (destruction) operator of a quasi-particle of wave
number k. In fact whenever
∆k
.
= nk n−k − |ck|2 < 0, (1)
the two-mode system is quantum mechanically entan-
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gled, because classical correlations obey ∆k ≥ 0.1 Hence,
when the initial state contains no correlations between
±k, a violation of Eq. (1) by the final values of ck and nk
implies that the spontaneous channel significantly con-
tributed.
When considering inhomogeneous and stationary flows
containing one sonic horizon, the situation is similar in
that stationary states factorize into independent sectors
of fixed frequency |ω|. Yet the situation is more complex
because, for low frequency, each sector contains three
modes. Two have positive norm, and describe co- and
counter propagating quasiparticles with respect to the
fluid. The third mode has a negative norm, and describes
the negative energy partners trapped in the supersonic
region. Two types of entangled pairs can thus be cre-
ated. In spite of the fact that the modes interact with
each other, the criterion of Eq. (1) with k → ω applies
to each pair considered separately. In fact, the leftover
third mode acts as an environment for the considered
pair, thereby giving a situation similar to that studied
in [12, 13].
Following these works, we aim to characterize the do-
mains in parameter space where the final state is non-
separable. To this end, we first select a set of relevant
parameters which span this space. We then adopt a
phenomenological description of the spectra in disper-
sive media. Combining these, our analysis reveals the
crucial roles played by the strength of the (two) cou-
pling parameters between the leftover mode and the two-
mode system under study. The present analysis overlaps
with Refs. [19, 20] where similar issues are considered.
It complements these works in several respects: First,
we parametrize a much wider class of situations, and
we show that the entanglement follows two scaling laws
which are associated to the two regimes found in the
1 A brief account of these concepts, as well as their relationship
with the more elaborate Peres-Horodecki criterion is given in
Appendix A. Notice also that, as a matter of principles, Eq. (1)
equally applies both to cosmological pair creation in the early
universe [16–18], and to analogue situations [11–15].
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2spectral analysis of Ref. [21]. Second, we compare the
non-separability of the pairs emitted by black and white
hole flows.
The paper is organized as follows. In Section II, we
parametrize the coefficients of the S-matrix on a black
hole horizon, and we identify the relevant set of param-
eters which govern the final state of the quasi-particles.
In Section III, we study the domains of parameter space
where the final state is non-separable. In Appendix A,
we review the key concepts governing the notion of non-
separability. In Appendix B, we briefly compare the
strength of the entanglement when replacing the super-
luminal dispersion used in the body by a subluminal one.
In Appendix C, we study the entanglement of pairs emit-
ted by white hole flows.
II. THE SYSTEM
We consider a dispersive quantum field φˆ describing
linear perturbations propagating in a one dimensional
moving medium. The flow is stationary and character-
ized by v(x). For simplicity we assume that the speed of
low frequency waves is constant and taken to be unity.
In this case, the field equation is [6][
(∂t − ∂xv)(∂t − v∂x)− F 2(i∂x)
]
φˆ(t, x) = 0, (2)
where F 2(k) gives the dispersion relation. In the body
of the text, we consider the superluminal law
F 2(k) = k2(1 +
k2
Λ2
), (3)
where the wave number Λ fixes the dispersive scale. The
quartic subluminal case is treated in App. B.
Because the flow is stationary, the solution of Eq. (2)
splits into ω sectors: φˆω(x) =
∫
dte−iωtφˆ(t, x) which can
be studied separately [7]. When the flow is asymptoti-
cally uniform on both sides, the incoming modes φin,aω ,
with a single branch with group velocity pointing to-
wards the horizon, are well defined and asymptotically
superpositions of plane waves. (The index a refers to the
dimensionality of the set of solutions at fixed |ω|.) The
same apply to the outgoing modes φout,aω , with the group
velocity pointing now away from the horizon. More de-
tails about this identification and the dimensionality of
the set of modes can be found in [9, 22].
In brief, because of superluminal dispersion, there is a
threshold value ωmax above which there is no pair cre-
ation. For 0 < ω < ωmax, there are three independent
modes. They are called φin,uω , φ
in,v
ω , (φ
in,u
−ω )
∗ for the in
modes (and similarly for the out ones). The first two have
positive norm and describe respectively counter- and co-
propagating quasi-particles, see Fig. 1. The third one,
(φin,u−ω )
∗, has a negative norm, and describes the incoming
negative frequency partner trapped in the supersonic re-
gion. These three modes are scattered in the near horizon
region. As a result, the outgoing modes are non trivially
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FIG. 1. We represent the space-time characteristics associ-
ated with the three dispersive modes for Eq. (3) and in a
black hole flow with v < 0, see Eq. (14) for an example.
The horizon v = −1 is located at x = 0, and represented
by the vertical dotted line, as the time runs vertically. On
the right (left) the flow is sub (super) sonic. The solid (dot-
dashed) line ending in the upper right (left) corner describes
the u mode with positive (negative) frequency which escapes
(is trapped). The dispersive effects are clearly visible in the
past. The dashed line represents the co-propagating v mode
which crosses the horizon with no significant change.
related to the incident ones. The S-matrix relating the
(normalized) in modes to the out ones is thus an element
of U(1, 2). Following [9], we name its coefficients aˆuω(aˆu−ω)†
aˆvω
 =
 αω β∗ω Aωβ−ω α∗−ω Bω
A˜ω B˜
∗
ω α
v
ω
 aˆu,inω(aˆu,in−ω )†
aˆv,inω
 . (4)
To avoid ponderous notation, only the superscript “in”
will be written. The superscript “out” is thus implied.
The 3 independent pairs of destruction and creation op-
erators associated with the 3 in (or 3 out) modes obey
the canonical commutation relations.
When ρˆ, the state of the quantum field, is stationary
and Gaussian, it factorizes into 3-mode sectors of fixed
|ω|. In this paper we shall only consider such states.
Then because the S-matrix of Eq. (4) only mixes modes
with the same |ω|, the factorization equally applies to
the description of ρˆ in terms of in, or out quasiparti-
cle content. We shall study the latter since we aim to
identify the cases where the state after the scattering is
non-separable.
For ω > 0 and at late time, each 3-mode state is fully
3characterized by six numbers
nu±ω = Tr
(
ρˆ (aˆu±ω)
†aˆu±ω
)
, nvω = Tr
(
ρˆ (aˆvω)
†aˆvω
)
,
cuu/vω = Tr
(
ρˆ aˆu−ωaˆ
u/v
ω
)
, duvω = Tr
(
ρˆ (aˆuω)
†aˆvω
)
.
(5)
The interpretation of the 3 (real and positive) final oc-
cupation numbers naω is straightforward and standard.
The two cω are complex, and their norm quantify the
strength of the statistical correlations between outgoing
quasi-particles of opposite energy, namely between the uu
pairs of counter-propagating out modes (φout,uω , φ
out,u
−ω ),
and the uv pairs (φout,vω , φ
out,u
−ω ). They generalize the ck
term which enters into Eq. (1). In the present case, we
thus have two differences
∆uuω
.
= nu−ωn
u
ω − |cuuω |2 , (6a)
∆uvω
.
= nu−ωn
v
ω − |cuvω |2 . (6b)
We show in appendix A that if one of them is nega-
tive, the state is non separable. The last coefficient of
Eq. (5), duvω , characterizes the strength of the correla-
tions between u and v modes which have been elastically
scattered. Thus it results from the analogue “grey body”
factors. These correlations are never strong enough to
violate classical inequalities, see Eq. (A8). Hence, they
shall no longer be mentioned.
In order to be able to determine if the final state is non-
separable, it is necessary to know the initial state and the
coefficients of the S-matrix. Our aim is not so much to
perform the calculation in a particular realization, rather
we aim to characterize the domains in parameter space
where the state is non-separable. To this end, we need
to identify the independent parameters which span this
space, and to adopt a phenomenological description of
their behaviors.
As a first step, we assume that the initial state is in-
coherent. It is thus characterized by the 3 initial occu-
pations numbers nin,uω , n
in,v
ω , n
in,u
−ω since the 3 correlation
terms initially vanish. Physically, this is a very legitimate
assumption, as it means that the 3 modes are not corre-
lated prior being scattered. In this case, using Eq. (4),
Eq. (5) gives
nuω = |αω|2 nu,inω + |βω|2 (nu,in−ω + 1) + |Aω|2 nv,inω ,
nvω = |αvω|2 nv,inω +
∣∣∣B˜ω∣∣∣2 (nu,in−ω + 1) + ∣∣∣A˜ω∣∣∣2 nu,inω ,
nu−ω = |α−ω|2 nu,in−ω + |β−ω|2 (nu,inω + 1)
+ |Bω|2 (nv,inω + 1),
cuuω =αωβ
∗
−ω(n
u,in
ω +
1
2
) + α−ωβ∗ω(n
u,in
−ω +
1
2
)
+AωB
∗
ω(n
v,in
ω +
1
2
),
cuvω =A˜ωβ
∗
−ω(n
u,in
ω +
1
2
) + α−ωB˜∗ω(n
u,in
−ω +
1
2
)
+ αvωB
∗
ω(n
v,in
ω +
1
2
),
duvω =A˜ωα
∗
ωn
u,in
ω + βωB˜
∗
ω(n
u,in
−ω + 1) + α
v
ωA
∗
ωn
v,in
ω .
(7)
When working in the in vacuum, nuω = |βω|2 , nvω =
∣∣∣B˜ω∣∣∣2
and nu−ω = |β−ω|2 + |Bω|2 respectively give the mean
number of the u quanta spontaneously emitted to the
right (the Hawking quanta), that of the v quanta emit-
ted to the left, and that of their negative energy part-
ners. When the initial state is not the vacuum, the terms
weighted by nin,aω give the induced contributions. One
then sees that the norms |Aω|2 ,
∣∣∣A˜ω∣∣∣2 respectively quan-
tify the grey-body factors, i.e. the reflexion of v quanta
into u ones, and vice versa.
Notice that unlike what is found for 2× 2 S-matrices,
one has |βω|2 6= |β−ω|2, |Bω|2 6=
∣∣∣B˜ω∣∣∣2, and |Aω|2 6=∣∣∣A˜ω∣∣∣2. Yet, as shown by numerical simulations [9, 22],
the relative difference between |βω|2 and |β−ω|2 is gener-
ally small. Instead the differences Aω− A˜ω and Bω− B˜ω
diverge in general when ω → 0. We shall return to this
important point below. Notice finally that the coeffi-
cients |β−ω|2 and |Bω|2 considered separately give the
mean number of u and v quanta emitted by the corre-
sponding white hole flow, see App. C for more details.
A. Parameterization of the scattering
We now show that, for stationary incoherent states,
only four independent parameters of S enter Eq. (6). We
shall work with the four squared norms |βω|2, |β−ω|2,
|Aω|2 and |Bω|2.
The U(1, 2) character of the S matrix imposes the fol-
lowing relations from the normality of lines and columns
|αvω|2 = 1 + |Bω|2 − |Aω|2 ,
|αω|2 = 1 + |βω|2 − |Aω|2 ,
|α−ω|2 = 1 + |β−ω|2 + |Bω|2 ,∣∣∣A˜ω∣∣∣2 = |β−ω|2 − |βω|2 + |Aω|2 ,∣∣∣B˜ω∣∣∣2 = |β−ω|2 − |βω|2 + |Bω|2 ,
(8)
and from the orthogonality of the lines
A˜ωβ
∗
−ω − α−ωB˜∗ω + αvωB∗ω = 0, (9a)
αωβ
∗
−ω − α−ωβ∗ω +AωB∗ω = 0. (9b)
The number of real independent quantities is then re-
duces from 18 (9 complex numbers) to 9, which can be
taken to be five phases and the above four norms. This
choice is convenient because the 5 phases drop out from
Eq. (6).
In addition, Eqs. (9) and the positivity of the r.h.s. of
Eqs. (8), imply some inequality amongst the four norms.2
2 The origin of this fact is the following: Eqs. (9) define 2 triangles
4These constraints are equivalent to
|Aω|2 ≤ 1 + |Bω|2 , (10a)
βminω ≤ |βω| ≤ βmaxω , (10b)
where
βmin/maxω
.
=
∣∣∣∣∣ |AωBωα−ω| ± |αvωβ−ω|1 + |Bω|2
∣∣∣∣∣ . (11)
In this expression, α−ω and αvω are implicit expressions
of Aω, Bω and β−ω. To implement the right condition of
Eq. (10b) and reduce the number of independent norms
to 3, we impose∣∣∣∣ βωβ−ω
∣∣∣∣ = |αvω|+ |AωBω|1 + |Bω|2 = 1− |Aω|
2
|αvω| − |AωBω|
. (12)
The left condition of Eq. (10b) is then equivalent to
|βωβ−ω| ≥ |AωBω|2 /4 |αvω|. To implement this inequal-
ity, we introduce
∣∣β0ω∣∣2 by
|βωβ−ω| =
∣∣β0ω∣∣2 + |AωBω|2 /4 |αvω| . (13)
When Aω and Bω vanish, one has |βω|2 = |β−ω|2 =
∣∣β0ω∣∣2.
In conclusion, our parametrization of the relevant co-
efficients of the S matrix is based on |Aω|2 , |Bω|2 and∣∣β0ω∣∣2. Eqs. (12) and (13) then fix |β±ω|2.
B. Parametrization of dispersive spectra
So far we worked at fixed ω. To characterize the
spectrum, we need to parametrize the ω-dependence of
|Aω|2 , |Bω|2 and
∣∣β0ω∣∣2. To this end, we consider the flow
profile
v(x) = −1 +D tanh
(κx
D
)
. (14)
The parameter D fixes the asymptotic values of v + 1
on either side. In the present case they are equal and
opposite. For more general asymmetric profiles we refer
to [21, 23]. The frequency κ fixes the surface gravity,
and determines the temperature of the black hole radi-
ation TH
.
= κ/(2pi) in the Hawking regime, i.e. when
dispersion effects are negligible because Λ/κ  1. We
work in units where c = ~ = kB = 1. When leaving
this regime, numerical and analytical studies [24] have
established that D also matters. In particular, when the
in complex plane. Hence, one length cannot be larger than the
sum of the two others. In addition to the 9 real parameters of
the S matrix, one finds that there is an extra multiplicity 2. It
produces the symmetrical triangles with respect to the real axis.
This extra multiplicity has no influence in the sequel since the
initial state is incoherent.
coupling to the counter-propagating mode is small, i.e.
if |Aω|2 , |Bω|2  1, the spectrum of u quanta sponta-
neously emitted nuω =
∣∣β0ω∣∣2 remains remarkably Planck-
ian, even though the effective temperature, here after
called Thor, is significantly modified. It is well approxi-
mated by [21, 25]
Thor
.
= TH tanh (T∞/TH) ,
T∞
.
=
ΛD3/2
(2 +D)
√
2−D.
(15)
The effective temperature Thor thus interpolates between
the Hawking regime for low TH/T∞, to the dispersive
regime where it asymptotes to T∞ for TH/T∞  1.
Numerical studies have also shown that |Aω|2 and
|Bω|2 are not fully determined by κ,Λ, D. They depend
on the exact properties of the wave equation, and on the
background profiles. Yet, they are generally smaller than∣∣β0ω∣∣2, and remain finite for ω → 0. To implement these
numerical observations, we shall work with
|Aω|2 = 2A
2
eω/Thor + 1
, |Bω|2 = 2B
2
eω/Thor + 1
,∣∣β0ω∣∣2 = 1eω/Thor − 1 ,
(16)
where the constants A2 and B2 fix the overall norm of
the two coupling between the counter-propagating mode
with the Hawking mode and its partner.
It should be noticed that Eq. (16) and Eq. (8) correctly
imply that only Aω, Bω and α
v
ω are regular in the limit
ω → 0, whereas the squared norms of the 6 other coeffi-
cients diverge as 1/ω. It can be shown that this interest-
ing property follows from the normalization in 1/
√
ω of
the low momentum modes. 3
C. Initial state
To compute Eq. (7) we also need the initial mean occu-
pation numbers nin,aω , where the superscript a labels the
three modes. As in Ref. [9], we assume that far from the
horizon the initial state is a thermal bath at some global
temperature Tin in the frame of the fluid. This means
that the three nin,aω are given by
nin,aω =
1
exp (Ωin,aω /Tin)− 1
, (17)
where Ωin,aω is the asymptotic value of the co-moving fre-
quency of the corresponding asymptotic in mode. Its
value is given by
Ωin,aω = ω − vaaskin,aω , (18)
3 We are grateful to Florent Michel for this explanation.
5where kin,aω is the corresponding wave vector, and where
vaas is the asymptotic value of v evaluated on the left or
right side. In the present case, one has vaas = −1 ± D.
The − sign is associated to the u modes, and the + sign
to the v mode, see Fig. 1.
In the low frequency limit, ω/Λ  1, the expressions
of Ωin,aω can be analytically computed [9]. Using them,
one obtains
nu,in±ω ∼
1
exp [(µ∓ ω)/Tuin]− 1
,
nv,inω ∼
1
exp (ω/T vin)− 1
.
(19)
The chemical potential of u-modes, µ, and the redshifted
temperatures are
µ
Λ
=
(1 +D)(D(2 +D))3/2
1 + 4D + 2D2
,
Tuin = Tin
D(2 +D)
1 + 4D + 2D2
,
T vin = Tin(2−D).
(20)
The leading quantity governing nu,in±ω is µ/T
u
in. It scales
as ΛD1/2/Tin. When Tin  ΛD1/2, the redshift is so im-
portant that the u-modes are effectively in their ground
state, as in relativistic settings.
D. Summary
Our parametrization of the final state, see Eq. (7), is
based on 6 dimensionless quantities, namely
ω/Thor, D, Λ/κ, A, B, and Tin/Thor. (21)
The first ratio is the frequency in the units of the effective
temperature, which itself depends on the surface gravity
κ, the dispersive wave-number Λ, and the hight of the
velocity profile D, see Eq. (15). The parameters A and
B respectively quantify the grey body factors and the
pair creation of uv pairs. The last ratio gives the initial
temperature in the units of the effective temperature.
Notice that these parameters are not independent, as
Thor depends on D. We have adopted this set, precisely
because the residual dependence on D at fixed Thor is
very weak. Hence, D can be effectively fixed. As we shall
see below, the other five parameters are all relevant. We
believe they effectively provide a complete description
of the system, at least when the flow profile is smooth
enough. When it is not, the resonant effects [19, 26],
which are related to the black hole laser effect [27–29],
must be separately described.
III. DOMAINS OF NON-SEPARABILITY
Using Eqs. (8) and (9), Eq. (6) can be expressed in
terms of the 3 initial occupation numbers. In agreement
with Eq. (9) in Ref [19], we obtain
∆uuω = |αvω|2 nu,inω nu,in−ω +
∣∣∣B˜ω∣∣∣2 nu,inω nv,inω
+
∣∣∣A˜ω∣∣∣2 nu,in−ω nv,inω + |Bω|2 nu,inω + |β−ω|2 nv,inω
− |βω|2 (1 + nv,inω + nu,inω + nu,in−ω ),
∆uvω = |Aω|2 nu,inω nu,in−ω + |βω|2 nu,inω nv,inω
+ |αω|2 nu,in−ω nv,inω + |Bω|2 nu,inω + |β−ω|2 nv,inω
−
∣∣∣B˜ω∣∣∣2 (1 + nv,inω + nu,inω + nu,in−ω ).
(22)
We first notice that spontaneous pair production, i.e.
na,inω ≡ 0, automatically leads to negative values for ∆uuω
and ∆uuω , i.e. to non-separable states, see App. A. We
also notice that the above expressions are much more
complicated than the corresponding ones in homogeneous
and isotropic situations. In that case, because nk = n−k,
one can work with a linear expression nk−|ck| in the place
of Eq. (6) which are quadratic in nωin. As a result, one
here looses the neat separation of the contributions of
the spontaneous and the induced channels, see Eq. (36)
in [12].
We finally notice that the maximum value of ∆uuω and
∆vvω is bounded by n
u
−ω. Indeed Heisenberg uncertainties
guarantee [see B.4 in [30]]∣∣∣cuu/vω ∣∣∣2 ≤ nu−ω(nu/vω + 1), (23)
for both the uu and the uv channels. It is thus useful to
introduce the relative quantities [18]
δuuω
.
=
∆uuω
nu−ω
+ 1, δuvω
.
=
∆uvω
nu−ω
+ 1. (24)
which are both positive, irrespectively of the state ρˆ.
In what follows, we study the domains of negativity of
∆uuω and ∆
vv
ω by making use of the parametrization of
Sec. II. In the body of the text, we consider the disper-
sion relation of Eq. (3). The sub-luminal case is briefly
studied in Appendix B. To identify the domains of non-
separability, we shall mainly use figures.
A. Non-separability of uu pairs
1. The dependence in ω
In Fig. 2, we study the ω/Thor dependence of ∆
uu
ω and
δuuω in the low initial temperature regime, for Tin = Λ/20.
We consider three different values of the coefficients A,B
of Eq. (16), with a fixed ratio A/B = 4. At large fre-
quency, ω/Thor & 2, the state is non separable indepen-
dently of the values of A and B. On the other hand, at
low frequency, the state is always separable, even though
decreasing A and B clearly increases the domain of non
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FIG. 2. The quantities ∆uuω of Eq. (22) (left panel) and δ
uu
ω of Eq. (24) (right panel) are represented as functions of ω/Thor for
a low initial temperature Tin = Λ/20, for Λ = 10κ, D = 1/2, and for three values of A = 4B, namely B = 0.01 (solid), 0.02
(dash), 0.1 (dot), and 0.25 (dot-dash). One clearly sees that low frequency modes are separable, and that increasing A = 4B
monotonously reduces the domain of non-separability.
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FIG. 3. We represent the same functions as in Fig. 2, for the same parameters, but for a higher initial temperature Tin = 2Λ.
As expected, when compared to Fig. 2, one observes a reduction of the non-separability domains. As found at low temperature,
increasing A = 4B still reduces the domain of non-separability. However, the high frequency sectors are now separable because
Tuin > 2Thor, as discussed below Eq. (26).
separability. The minimum value of ∆uuω is reached for
ω/Thor ∼ 1. Instead, the minimum of δuuω is reached
for ω → ∞. In brief, for low initial temperatures, the
low frequency sector contains many pairs but they are
separable, the high frequency sector contains very few
pairs which are highly non separable, and the interme-
diate regime contains few of them which are barely non
separable.
In Fig. 3, we study the same functions for a much larger
initial temperature: Tin = 2Λ. In this case, the induced
effects are much more important than above. As a result,
the final state becomes separable even at large frequency.
In fact, according to the value of A and B, three different
regimes show up. When A,B are low enough, there still
exists a finite range in ω where the state is non separable.
When increasing A,B, this domain disappears, but ∆uuω
still possesses a local minimum. When further increas-
ing A and B, ∆uuω becomes a monotonically decreasing
function of ω. Hence, as expected, increasing the initial
temperature severely restricts the non-separability of the
state, or even completely suppresses it.
It is of value to study analytically the asymptotic be-
haviors. The infra-red behavior is dominated by the val-
ues of A and B, as can be seen from
∆uuω ∼
ω→0
ThorT
v
in
ω2
(
nu,inω + n
u,in
−ω + 1
)
(γ+B −Aγ−)2 ,
(25)
where γ± is the limit of
√
ω |β±ω|2 /Thor for ω → 0.
Eq. (25) diverges as ω → 0 and is positive defined. This
implies the separability of the low frequency regime. 4 In
4 There is a noticeable exception: when A = B, the leading di-
vergence in 1/ω2 is absent. As a result, the domain of non-
separability further extends at low frequency. This is the case
studied in [6, 7, 22] where high frequency dispersion is added on
the 2-dimensional massless scalar equation.
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FIG. 4. The minimum value of ∆uuω over ω in the plane
of log10A
√
Λ/κ, log10B
√
Λ/κ, for three initial temper-
atures 5Tuin/2µ = 1/3 (Solid), 1 (Dashed) or 3 (Dotted),
and for D = 1/2, κ/Λ = 1/4. The thick red line is
min ∆uuω = 0, and indicates the limit of non-separability.
The black line gives min ∆uuω = −0.5. It indicates the do-
main where the non-separability is significant. We have
TH/T∞ ∼ 1/3, so we work at the edge of the Hawking
regime. The dashed region represents the forbidden re-
gion where |αv|2 = 1 + |B|2 − |A|2 < 0.
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FIG. 5. The value of ω/Thor that minimizes ∆
uu
ω in the
same plane as in Fig. 4, for the same parameters, and for
the intermediate temperature 5Tuin/2µ = 1. The lines of
constant ω/Thor go by step of 1/2 from 1/2 (dark blue) to
4.5 (clear blue). The most relevant sector is ω/Thor . 1,
see Eq. (16).
the large frequency regime µ > ω  Tin, Thor, we obtain
∆uuω ∼
e−2µ/T
u
in − e−ω/Thor
1− e−|µ−ω|/Tuin .
(26)
This is negative when ωTuin . 2µThor. Hence, since
ω < µ, the UV sector is non separable if 2Thor & Tuin.
With D = 1/2 and Λ = 10κ, this limit corresponds to
Tin ∼ Λ/11, independently of the values of A and B. In
addition, we observed that changing D at fixed Thor and
Tuin of Eq. (20) has basically no effect.
In brief, the state in the infra-red sector is generically
separable because of the divergent contribution governed
by the coefficients A and B. Instead, the separability
in the ultraviolet sector critically depends on Tuin/Thor.
The intermediate regime is non separable if A,B are low
enough.
Having characterized how ∆uuω depends on ω/Thor, we
now study how it depends on A,B, Thor and Tin. We shall
establish that only two types of behaviors are found, de-
pending on the ratio TH/T∞, see Eq. (15). In this we ex-
tend what was found in the spectral analysis of Ref. [21].
When TH/T∞ . 1/3, one lives in the Hawking regime,
with small dispersive effects. Instead, when TH/T∞ & 3,
one finds the dispersive regime where the surface gravity
plays no significant role.
2. Hawking regime
We first work at the edge of the Hawking regime, with
TH/T∞ = 1/3. Reducing this ratio, which means reduc-
ing κ/Λ, does not affect the properties of Fig. 4. Hence
what follows applies to the entire Hawking regime.
To eliminate ω, we consider the minimum value of ∆uuω
for ω < 5Thor. (It is pointless to consider higher values
since the pair production rates are exponentially sup-
pressed in that regime.) We shall consider two values
of the minimum, namely minω ∆
uu
ω = 0 and = −0.5.
The first one gives the limit of non-separability, whereas
the second curve indicates the domain where the non-
separability is significant, and therefore more likely to
be observed in an experiment. In Fig. 4, both curves
minω ∆
uu
ω = 0 and = −0.5 are represented in the plane
of log10(A
√
Λ/κ) and log10(B
√
Λ/κ), and for three dif-
ferent initial temperatures, namely 5Tuin/2µ = 1/3, 1 or
3. After several tries, we have adopted these axis and
this parametrization of the initial temperature, because
changing D and Λ at fixed
Tuin
2µ
, A
√
Λ/κ, B
√
Λ/κ, (27)
has no significant influence on the curves. This means
that in the Hawking regime, the minimal value of ∆uu
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FIG. 6. As in Fig. 4, we represent the minimum value of
∆uuω for three initial temperatures 5T
u
in/2µ = 1/3 (Solid), 1
(Dashed) or 3 (Dotted), and for D = 1/2. Here, we work
in the dispersive regime since κ/Λ = 10/4, and TH/T∞ ∼
3. As explained in the text, the two coordinates now are
log10A/
√
D and log10B/
√
D. The black line represents
min ∆uuω = −0.5, and the thick red line min ∆uuω = 0. Notice
the similarity of the present figure with Fig. 4. It indicates
that the cross-over, around Λ/κD ∼ 1, from the Hawking
regime to the dispersive one is smooth.
only depends on these three composite scales. This is our
first important result.
The other lesson from Fig. 4 is that A and B should
be both smaller than ∼ √Tuin/6µ ×√κ/Λ for the state
to be significantly entangled, i.e. ∆uuω < −.5. When this
condition is met, the state can be found entangled even
when the initial temperature Tin is significantly larger
than the horizon temperature Thor. To give an example,
when Tin = Λ = 10Thor, the state is non-separable if
A,B . 1/10. In addition, one also sees that A ∼ B en-
hances the non-separability of the state. This is because
the 1/ω2 divergence of Eq. (25) is reduced when A ∼ B.
To complete the information and also guide future ex-
periments, in Fig. 5 we represent the value of ω/Thor
that minimizes ∆uuω for the same parameters as those
of Fig. 4, and for the middle temperature Tuin/µ = 2/5.
Notice that a rough characterization of the curves can
be obtained by considering the asymptotic behaviors of
Eqs. (25) and (26), and by minimizing their sum. The
symmetry with respect to interchanging A and B is then
explained. In addition, when increasing the initial tem-
perature Tin, we learn that one should increase the value
of ω/Thor in order to minimize ∆
uu
ω . Roughly speaking,
one gets (ω/Thor)
3 ∼ Tin/Thor.
3. The dispersive regime
We now proceed in the same way for the disper-
sive regime. We work at the edge of this domain with
TH/T∞ = 3. We have verified that what follows applies
for TH/T∞ > 3.
As for the Hawking regime, we extract the ω de-
pendence by taking the minimum of ∆uuω over ω, for
ω < ωmax, where ωmax is the maximum value for which
the negative norm mode exists [22]. Since we are in the
dispersive regime, the approximate expression of Eq. (19)
is no longer valid, even though µ and Tuin of Eq. (20) are
still well defined. We thus use the exact expression of
Eq. (17) in this Section.
As in Fig. 4, in Fig. 6 we draw the constant val-
ues minω ∆
uu
ω equal 0 and −0.5, to respectively get the
non-separability, and the significantly non-separable, do-
mains. In the present case, the axes have been chosen to
be log10(A/
√
D), log10(B/
√
D), because, when adopting
them, we observed that changing D and Λ at fixed Tuin/µ
and {A,B}/√D has no significant effect. As a result,
in the dispersive regime, the minimal value of ∆uu only
depends on the following three composite scales
Tuin
2µ
,
A√
D
,
B√
D
. (28)
This is the second important result of this paper. Notice
that these three ratios differ from those of Eq. (27). We
also notice that Fig. 6 is very similar to Fig. 4. This
means that the cross-over, around Λ/κD ∼ 1, from the
Hawking regime to the dispersive one is rather smooth.
As a result, when taken together, Figs. 4 and 6 of-
fer a full characterization of the non-separability do-
mains when the initial temperature belongs to the do-
main 0.1 . Tin/µ . 1.5 The main conclusion of this
Section is that separability of the state depends mainly
on three quantities. The first one is the initial temper-
ature in the unit of the chemical potential µ. This was
expected since this ratio governs the initial distribution
of u-quasi-particles. The other two are the A and B pa-
rameters encoding the coupling with the third mode. In
order to obtain domains with well defined scaling prop-
erties, these dimensionless parameters should be rescaled
by
√
Λ/κ in the Hawking regime, and by
√
D in the dis-
persive one.
B. Non-separability of uv pairs
1. The dependence in ω
Because the analysis is rather similar to that of the pre-
vious Section, we only give the main results. In Fig. 7, we
5 We remind the reader that the initial temperature in polariton
system under coherent pumping is Tin = Λ [13] which belongs to
this range.
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FIG. 7. The relative quantity δuvω of Eq. (24) as a function
of ω/Thor for a low temperature Tin = Λ/300, for three
values of B = 0.01 (solid), 0.1 (dash), and 0.25 (dot), for
A = 4B, Λ = 10κ, and D = 1/2. For uv pairs, increasing
B now increases the non-separability since B2 governs
their creation rate.
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FIG. 8. The same relative quantity δuvω as a function of
ω/Thor for a high temperature Tin = Λ/3, for three values
of B = 0.1 (solid), 1 (dash), and 2 (dot), for A = B/4,
Λ = 10κ, and D = 1/2. With respect to Fig 7, the values
of B have been increased by a factor of ∼ 10.
first study δuvω as a function of ω/Thor for three different
values of A,B. As was found Fig. 2, we observe that the
low frequency sector is always separable.
When increasing the initial temperature, as expected,
the value of δuvω increases and the state becomes separa-
ble for all ω. We then need to increase the pair creation
rate B2 to get non separable states, see Fig. 8. We ob-
serve that the low frequency sector remains as it was at
low temperature. On the contrary, for high frequency,
the state is now separable. Yet, when B is large enough,
there exists an intermediate regime where the state re-
mains non separable. In this regime, the non separability
depends on a competition between the coupling B and
the initial temperature.
These observations can be verified analytically. First,
the low frequency behavior is
∆uvω ∼
ω→0
ThorTv
ω2
γ2+
(
nu,inω + n
u,in
−ω + 1
)
. (29)
We obtain a behavior similar to that of uu pairs given in
Eq. (25). However, in the present case, ∆uvω remains pos-
itive even when A = B. Second, at large frequency, the
behavior of ∆uvω is very different to that of ∆
uu
ω . Indeed,
when µ > ω  Tin, Thor, we have
∆uvω ∼
e−ω/T
v
in + e|ω−µ|/T
u
in−ω/Thor(e−ω/T
v
in − 2B2)
e|ω−µ|/Tuin − 1 .
(30)
The source of non separability is the term proportional
to B2. This makes perfectly sense since B2 fixes the
production of uv pairs. With more precision, the large
frequency (ω = µ) behavior is non separable only if
2B2 & eµ/Thor−µ/Tvin , (31)
which requires a very low initial temperature in order to
be satisfied. When Eq. (31) is not fulfilled, the state is
separable at large ω. However, non separability is possi-
ble when
2B2 & e−µThor/Tvin(Thor+Tuin) (32)
for frequencies obeying
ω . µ+ T
u
in log(2B
2)
1 + Tuin/Thor − Tuin/T vin
. (33)
This is the order of magnitude that we observe in fig. 8.
2. The parametric dependence
As for uu pairs, we now determine what is the domain
of the parameter space where the state is non-separable.
We represent in Fig. 9 the minimum over ω of ∆uvω for
different temperatures in the A,B plane. The first ob-
servation is that A plays no role. This can be seen from
the asymptotic behaviors of Eqs. (29) and (30). A closer
analysis reveals that the relevant parameters governing
the non-separability of uv pairs are
T vin
Thor
, B,
Λ
√
D
κ
. (34)
This is the third important result of this paper.
Given that observation, we represent in fig. 10 the
non-separability threshold ∆uvω = 0 in the B, Tin/Thor
plane for different values of Λ/κ. We observe first, that
in the Hawking regime, there is a critical temperature
T critin ∼ Thor below which the state is always non separa-
ble. This limit is due to the UV behavior of the spectrum.
Indeed, we see from Eq. (31) that when µ is large (i.e.,
deep in the Hawking regime) and T vin < Thor, the states
with ω ∼ µ are non separable for all value of B. The
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FIG. 9. The minimum over ω of ∆uvω for T = 1/3Λ
√
D
(Dotted), Λ
√
D(Dashed) or 3Λ
√
D (solid), Λ = 4κ, D =
1/2. The dashed region represent the region with |αv|2 =
1 + |B|2 − |A|2 < 0. The line min ∆ = 0 is indicated in
thick red. The line min ∆ = −0.5 is indicated in black.
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FIG. 10. The threshold of uv non-separability ∆uvω = 0
in the T vin/Thor, B plane for 3 values of Λ
√
D/κ, i.e., 40
(dashed), 4 (solid), 0.4 (dotted). In the Hawking regime,
there exists a critical temperature, which controls the
separability of the UV sector. This critical temperature
disappears in dispersive regime. At larger temperature,
non-separability is found if B2 > T vin/Λ
√
D. When going
further in dispersive regime, ∆uvω = 0 no longer evolves,
and remains along dotted curve.
second observation is that this critical temperature de-
creases as we leave the Hawking regime. This is because
the non separable regime ω  Thor no longer exists when
Thor ∼ ωmax. At higher temperature, the non separabil-
ity criterion becomes B2 & Tin/Λ.
To summarize, the state is non separable when T vin .
Thor or T
v
in . B2Λ.
IV. CONCLUSIONS
We analyzed the strength of the correlations character-
izing the two types of pairs that are emitted by a station-
ary black hole flow. To distinguish classical correlations
associated with stimulated effects from genuine quantum
entanglement due to spontaneous effects, we worked at
fixed ω, and used the criterion of non-separability of the
state which implies that one of the differences of Eq. (6)
should be negative. The link between this simple in-
equality and the more abstract Peres-Horodecki criterion
is recalled in Appendix A.
In Sec. II, we studied the generic properties of the S-
matrix on an analogue black hole horizon in order to
adopt a parametrization of the spectra that takes into
account the (super-luminal) dispersion relation. We then
combined these parameters with those characterizing the
three initial distributions of quasi-particles which are
scattered on the horizon. The set of six parameters we
used is described in Sec. II D.
In Sec. III, we first studied the dependence in ω of ∆uuω ,
the difference of Eq. (6) which characterizes the pairs of
Hawking quanta. As expected, in the infra-red sector the
state is separable, because stimulated effects dominate
over spontaneous one. We also observed that the domain
of non-separability critically depends on the strength of
the couplings between the spectator third mode and the
two modes under study. We then studied how the mini-
mum value of ∆uuω over ω depends on the five parameters
we adopted, see Eq. (21). We showed that the domain of
non-separability only depends on three combinations of
these parameters. In addition, two of the three combi-
nations possess two different forms. The parameter that
distinguishes the two regimes is the ratio of the tempera-
tures TH/T∞, see Eq. (15). When it is smaller than 1/3,
dispersive effects are small, and one effectively works in
a regime close to the relativistic Hawking one. Instead,
when it is larger than 3, one works in a regime where the
surface gravity plays no significant role. We also showed
that the crossover from one regime to the other is rather
smooth. Combining the scalings in the two regimes, we
obtained a rather complete characterization of the do-
mains of non-separability, which we hope will be useful
to guide future experiments to identify the appropriate
range of parameters where the spontaneous Hawking ef-
fect dominates over stimulated ones.
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The main lesson is that in both regimes, the non-
separability threshold critically depends on the initial
temperature of the system (something which was ex-
pected), but also on the intensity of the coupling with the
third spectator mode. When the latter is small enough,
the final state can be quantum mechanically entangled
even when the initial temperature is higher than the black
hole temperature. For completeness, we also studied the
quantity ∆uvω which governs the non-separability of the
other type of pairs emitted by an analogue black hole.
The relevant parameters are completely different.
In Appendix B, we briefly studied the modifications
when replacing the superluminal dispersion relation by a
subluminal one. No significant change is observed besides
the fact that stimulated effects are slightly more impor-
tant for subluminal dispersion, as the redshift of the ini-
tial distribution is less pronounced. In Appendix C, we
compared the entanglement obtained in a white hole flow
with that of a black hole one. We showed that white holes
are less appropriate to look for quantum entanglement
because stimulated effects are much more important.
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Appendix A: Non-separability
We consider two couples of canonical conjugated op-
erators, (q1, p1) and (q2, p2). The state of the two mode
system spanned by these variables, ρˆ2, is obtained by
tracing out all the other degrees of freedom. It can be
characterized by the expectation values of these opera-
tors, their covariance matrix, and higher order polyno-
mial. The Peres-Horodecki criterion [31–33] is based on
three 2× 2 covariance matrices
Ai = Tr (ρ{Xi, Xi}) , C = Tr (ρ{X1, X2}) , (A1)
where Xi = [qi − Tr (ρqi) , pi − Tr (ρpi)] is a two com-
ponent vector, and where i = 1, 2. The two relevant
quantities are
P± .= detA1 detA2 + (1/4± |detC|)2
− tr (A1JCJA2JCTJ)− (detA1 + detA2) /4,
(A2)
where J is the 2× 2 symplectic matrix:
J =
(
0 1
−1 0
)
. (A3)
The quantity P+ is always positive for physical states,
see [33]. P− corresponds to P+ for the state obtained
by having performed a partial transpose (p1 → −p1, all
other quantities fixed). The interest of P− resides in the
fact that when it is negative, it implies that the state
ρˆ2 is non-separable in the sense of Werner [34, 35]. We
recall that, by definition, bipartite separable states can
be decomposed as
ρˆ2 =
∑
a
paρˆ
(1)
a ⊗ ρˆ(2)a (A4)
where pa are positive and can thus be interpreted as prob-
abilities, and where ρˆ
(i)
a are density matrices of one-mode
sub-systems. Note that there exist non-separable states
with P− > 0. However, these states are necessarily non-
Gaussian.
To make contact with the body of the paper, we in-
troduce the destruction operators ai = (qi + ipi)/
√
2,
and their hermitian conjugated a†i . We can then express
the matrix elements of Ai and C in terms of occupation
numbers and the coherence coefficients
nij
.
= Tr
(
ρa†iaj
)
, cij
.
= Tr (ρaiaj) . (A5)
In terms of those, one obtains
P− =
(
n22n11 − |c12|2
)(
(1 + n22) (1 + n11)− |c12|2
)
− |n12|2 (n11 + n22 + n11n22 + 2 |c12|2)
− 2Re[c∗12c11n12](1 + 2n22)− 2Re[c∗122c11c22]
− 2Re[n12c12c∗22](1 + 2n11) +
∣∣n122 − c∗11c22∣∣2
− |c22|2 n11(1 + n11)− |c11|2 n22(1 + n22).
(A6)
When the state is stationary, and when a1, a2 are de-
struction operators with opposite frequency, the above
expression simplifies a lot since cii = n12 = 0. In fact,
P− reduces to the first line. Then, since the second factor
is positive, we have
P− < 0⇔ n22n11 < |c12|2 . (A7)
Hence the negativity of P− is equivalent to our non-
separability condition ∆12 < 0, see Eq. (6). QED.
When the two destruction operators a1, a2 have the
same frequency ω > 0, all coefficients cij vanish for sta-
tionary states. Hence we get
P− =(n22n11 − |n12|2)(n11 + n22 + n11n22)
+ |n12|4 + n222n211.
(A8)
This is positive because n22n11 − |n12|2 ≥ 0. As a re-
sult, in agreement with Ref. [19], we conclude that the
correlations between the u and the v modes with posi-
tive frequency, which are governed by the coefficient d
of Eq. (5), cannot produce a non-separable (Gaussian)
state.
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FIG. 11. The relative quantity δuuω for the subluminal disper-
sion relation of Eq. (B1) as a function of ω/Thor, for a high
initial temperature Tin = 2Λ, for three values of B = 0.01
(solid), 0.02 (dash), and 0.09 (dot), A = 4B, Λ = 10κ, and
D = 1/2.
So far we used both Gaussianity and stationarity of the
state to show that the positivity of P− is equivalent to
the positivity of ∆ij for sectors with opposite frequency.
However, when the state is non stationary, ∆ij < 0 still
implies that the state is non separable. A rigorous proof
can be found in Appendix B of Ref. [30]. To summa-
rize, our criterion ∆ij < 0 is sufficient to guarantee the
non-separability of the state. It also gives a necessary
condition when the state is Gaussian and stationary.
Appendix B: Subluminal dispersion relation
We briefly consider the sub-luminal dispersion relation,
F 2(k) = c2(k2 − k
4
Λ2
), (B1)
in order to present the main differences with the non-
separability of the super-luminal case considered in the
body of the paper. In Fig. 11, as in the right panel of
Fig. 3, we represent the relative quantity δuuω for a high
initial temperature. For such temperature, we see that
the state is slightly less entangled than in the superlu-
minal case. The origin of this is due to the fact that in
modes come from the sub-sonic side of the horizon. As
a result, for a given initial temperature Tin, the effective
u-temperature Tuin of Eq. (19) is larger than that found
when the in modes come from the supersonic side. In
other words the initial distribution of u-quanta is less
red-shifted for sub than super-luminal dispersion. This
implies that the contribution of stimulated emission is
higher, and this reduces the domains of non-separability.
The low temperature behavior of δuuω is much less sen-
sitive to the sign of the dispersion relation because in
that case, the non-separability threshold is mainly gov-
erned by the coupling of the v modes. Because there is
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FIG. 12. The limit of non separability for the limit ω → 0 as
a function of A,B. Parameters are D = 1/2 and Tuin,WH =
2Thor × 0.5(dotted), 0.8 (dashed) and 1 (solid).
no novel aspect in this case, we do not represent it. In
addition, similar effects are also observed concerning the
non-separability of uv pairs. Hence, these need not to be
studied separately.
Appendix C: Analogue white holes
We consider the white hole flow obtained by replac-
ing v(x) by −v(x), where the flow profile v(x) describes
a black hole, for an example see Eq. (14). In this case,
as explained in [22], SWH , the S-matrix in the white
hole flow is simply given by the inverse of the corre-
sponding black hole one given in Eq. (4). Because of
unitarity, SWH is of the form SWH = TS
†T , where
T = diag(1,−1, 1). In terms of the black hole coeffi-
cients, SWH reads
SWH =
 α∗ω −β∗−ω A˜∗ω−βω α−ω −B˜ω
A∗ω −B∗ω (αvω)∗
 . (C1)
When considering an incoherent initial state charac-
terized by three initial occupation numbers, Eq. (22) be-
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FIG. 13. The difference of the minima over ω of δuuω (left panel) and δ
uv
ω (right panel) computed in a white hole and in a black
hole, for three different temperatures Tin = 2Thor×0.2 (dotted), 1 (dashed), 5 (solid) The parameters are D = 1/2, A = B = 0.1.
One sees that increasing the initial temperature further increases the difference between the values of δuuω and δ
uv
ω , which means
that the non-separable character of the state is more rapidly lost for white holes than black holes.
comes
∆uuω = |αvω|2 nu,inω,WHnu,in−ω,WH + |Bω|2 nu,inω,WHnv,inω,WH
+ |Aω|2 nu,in−ω,WHnv,inω,WH +
∣∣∣B˜ω∣∣∣2 nu,inω,WH + |βω|2 nv,inω,WH
− |β−ω|2 (1 + nv,inω,WH + nu,inω,WH + nu,in−ω,WH)
∆uvω =
∣∣∣A˜ω∣∣∣2 nu,inω,WHnu,in−ω,WH + |β−ω|2 nu,inω,WHnv,inω,WH
+ |αω|2 nu,in−ω,WHnv,inω,WH +
∣∣∣B˜ω∣∣∣2 nu,inω,WH + |βω|2 nv,inω,WH
− |Bω|2 (1 + nv,inω,WH + nu,inω,WH + nu,in−ω,WH).
(C2)
On the other hand, working again with the thermal initial
state of Eq. (17), in the place of Eq. (19), the initial
distributions are
nv,inω,WH ∼
1
exp
(
ω/T vin,WH
)
− 1
,
nu,in±ω,WH ∼
1
exp
(
ω/Tuin,WH
)
− 1
,
(C3)
where
Tuin,WH = TinD, T
v
in,WH = Tin(2 +D). (C4)
These two effective temperatures are independent of the
dispersion relation because the three incoming modes are
now low momentum ones. As a result, for white hole
flows, the dispersive scale Λ only enters in the final dis-
tributions only through the effective temperature Thor of
Eq. (15), which is the same for the black and the white
hole flows ±v(x).
When considering the entanglement of the quasi-
particles emitted by a white hole, one expects that it
will be weaker than that of the corresponding black hole.
The reason is clear: in white hole flows, stimulated ef-
fects dominate in over the spontaneous channel because
low frequency excitations are blue shifted (at fixed ω,
the final value of the wave number kω is larger than the
incoming one). As a result, the quantities of Eq. (C2)
diverge in the low frequency limit as
ω2 ×∆uuω ∼
ω→0
α2v(T
u
in,WH)
2 + (A2 +B2)Tuin,WHT
v
in,WH
− Thor
[
(γ− − γ+)T vin,WH + (γ− + γ+)Tuin,WH
]
ω3 ×∆uvω ∼
ω→0
Tuin,WHThor×[
(γ− − γ+)Tuin,WH + (γ− + γ+)T vin,WH
]
,
(C5)
where γ± are the two quantities defined after Eq. (25).
The main consequence of these equations is that the
non-separability can be effectively studied by consider-
ing the low frequency limit. In Fig. 12, we represent the
limit of non separability ∆uuω = 0 at ω = 0 in the (A,B)
plane. For Tuin,WH < 2Thor, we observe that the state is
non-separable in a very large domain of the plane. In-
stead, for Tuin,WH ≥ 2Thor, only a small domain remains
non separable. The transition between the two regimes
is rapid since changing the value of the temperature by
20% is sufficient to obtain non separability for B . 0.3.
We verified that these conclusions are not significantly
modified by relaxing the condition ω → 0, and taking
the minimum of δuuω as done in the body of the text. For
Tuin,WH < 2Thor, we observed an increase of the non sep-
arability domain. Instead for Tuin,WH ≥ 2Thor, we did not
observe any increase.
To conclude this Appendix, it is interesting to compare
the values of δuuω computed in a white hole and in a black
hole for the same initial state. In the left panel of Fig. 13
(resp. the right panel) we represent the difference of the
minima over ω of δuuω (resp. δ
uv
ω ) of Eq. (24) between
the black hole and the white hole case. We used the
sames values of the parameters D = 1/2, A = B = 0.1,
14
Tin/Thor and plot the dependence of the function in Λ/κ. We observe that δ is generically higher in the white hole
flow than in the corresponding black hole one.
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